
FLUID VELOCITY AND PRESSURE 
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Fluid velocity and p res su re  distr ibutions,  averaged over  the c ross  section, are  found for  a 
finite s t ra ight  pipe containing holes o r  a slit  of constant a rea  per  unit length. 

1. We d iscuss ,  in the hydraulic approximation, the s ta t ionary flow of a fluid in a s t ra ight  pipe with 
small  c losely spaced holes distributed quasicontinuously in the longitudinal direction,  or  a narrow slit  o r  
sli ts having a constant total a rea  per  unit length of pipe. If  the pipe is closed at one end and is ei ther  ho r i -  
zontal o r  surrounded by fluid of the same density p, and if the quadratic law of res i s tance  holds, the equa- 
tions for the longitudinal motion of the fluid have the form [1, 2] 

•247 . . . . . . . . .  2 ' v = - - - - L  - p - P '  (1) 

and if the p re s su re  is specified at the pipe inlet the boundary conditions a re  

p (o) = p, ,  v (L) = o .  (2)  

A s imi la r  problem involving a single hole o r  severa l  holes and branch pipes has been discussed [1-5] 
and the phenomenon of p re s su re  reduction analyzed. 

I t  is natural to write Eqs. (1) and (2) in dimensionless  form:  

(2• 2 4:- q~)' = --- ~u ~, u' = - -  (r 1/~- ; (3) 

q~(O)=l, u (1 )=0 .  (4) 

Thus the p rocess  under consideration is charac ter ized  by two controlling dimensionless  quantities ~ and ~, 
and the conditions for its simulation a re  o = idem and ~ = idem [6]. 

I t  follows f rom (3) that u is always a monotonically decreas ing function of x. We note that in the l imi t -  
ing case of a very  long pipe when the second boundary condition is approximately satisfied, Eqs. (3) and (4) 
have a solution which is near ly  exponential: 

where u 0 is determined f rom 

u = u  oexp - - - - - x  , q~=exp - - - -  x , 
U o . U o / 

( 2 , ~ ) - ~ u  3 -  2• + i = o. ( 6 )  

By changing the independent variables  

Y = z  2 (7 )  ' 
u - - 2 ~  , 

Eq. (3) is t r ans fo rmed  into a s impler  sys tem (8) whose analytic solution is found and analyzed below. 

The solutions of (3) and (4) were calculated on a Minsk-22 computer  for a ser ies  of values of ~ and a 
constant value of a/~ --- 0.256 (Fig. 1, a and b), i .e .  for  a variable pipe length and l inear  charac te r i s t i cs  
independent of it. 
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Fig. 1. Dimens ion less  veloci ty  (a) and d imen-  
s ion less  gage p r e s s u r e  (b) as  functions of the di -  
mens ion l e s s  coordinate  x m e a s u r e d  along the 
pipe.  i)  a = 0.25; 2) 0.5; 3) 0.75; 4) 3; 5) 3.5; 
6) 4. 

The solutions behave di f ferent ly  for  a < 1 and ~r > 1. F o r  ~ < 1 u is nea r l y  a l i n e a r  function of x and 
u0(a) i nc rea se s  rapidly .  The p r e s s u r e  r e c o v e r y  p redomina tes  eve rywhere  o v e r  the r e s i s t ance ,  and the 
functions ~(x) and ~l(a) i nc rea se  monotonical ly .  F o r  a > 1 u0(a) i n c r e a s e s  slowly, approaching the l imi t  
de t e rmined  by (6), and the main p a r t  of the curve  for  u(x) falls  with increas ing  e, The function ~(x) has  a 
min imum,  with the amount  of the i nc rea se  and ~01(~) dec reas ing  as e i n c r e a s e s .  Both u(x) and ~(x) approach  
exponentials  (5). 

The functions u0(a) and ~i(~) a r e  shown in Fig. 2. 

The theore t ica l  r e su l t s  w e r e  t es ted  exper imenta l ly .  Two cyl indr ical  pipes of length L = 2.25 m with 
inside d i a m e t e r s  of 40 and 100 m m  were  invest igated.  Holes 4 m m  in d i a m e t e r  were  spaced  along the 
g e n e r a t o r s  with a d is tance  of 25 m m  between cen te r s .  ~ e  working medium was natural  gas  with an inlet 
gage p r e s s u r e  P0 = 175 and 100 N / m  2. The values of p were  m e a s u r e d  with a TNZh-25 gage. The ex p e r i -  
menta l  conditions did not co r respond  exact ly  to the ideal ized case  a s sumed  in [1]. Neve r the l e s s  when the 
device pe rmi t t ed  a m e a s u r e m e n t  of the p r e s s u r e  drop the  values  of q) did not d i f fer  f rom the theore t ica l  
p red ic t ions  by m o r e  than 2.6%. 

2. We cons ide r  the s y s t e m  of di f ferent ia l  equations 

yy '  + zz' = a~ ~, y' - ~z (a,6 r 0) (8) 

o r  the equivalent  equations:  for  y 

y'y" + ~ y  ( y ' - - a y )  = 0 (9) 

and for z 

B' (zz') '  + zz'] ~ - -  z (z' - -  2czz) 2 (27z' + z) :: O. ( l O )  

I t  should be noted, however ,  that  the solut ions of Eqs.  (9) and (10) contain the solut ions of (8) for  
both signs of ft. 

Making the subst i tut ions 

we t r a n s f o r m  (8) into 

~2=y~+z~ (~)0),  q =--Y, (11) 
Z 

@ 
. ~ ' = a  - - - ~ ,  "q'=--a[~13--e(~q e - l ) ] .  (12) 

The second of Eqs.  (12) can be in tegra ted  d i r ec t ly  by separa t ion  of va r i ab l e s  to give 

1 [ In  !/r~5 + O ! , -  e)(q + ~q,~ _:_ 3 q , - - e  arctg 2q-b q. --~: ] 
x = Q + an ,  (3,1,--2~:) k t ~ - - ~ ,  I ' 1 / (n ,  - -  e)(3n, ~ 1,, (r~. = ~ ' ~ . ,  :-:- e) l ' 

(13) 
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which  exp l i c i t ly  d e t e r m i n e s  the  funct ion which is the i n v e r s e  of  ~ = ~(x). 
H e r e  ~ ,  = ~ , ( e ) ( s g n ~ ,  = s g n s ,  iW,I > max{ l e l ,  [elt/3}) is the  only  r e a l  
r oo t  of  ~ a - e ( ~  ~ + 1) = 0. ~(x) is  an odd funct ion of ~. 

F r o m  (12) ~ is found as  the  i n t eg ra l  

= exp O] ~ + 1)[n a - -  eOl ~ + 1)] d~] . (14) 
~l(x) 

By eva lua t ing  the  l a s t  i n t eg ra l  we  e x p r e s s  y = ~ / ~  and z = 
/ ~  in t e r m s  of V: 

a 1 

z = C~,{ In,  --nln*-~[n ~ + ( n , - -  ~)(n + n , ) l  '~* ~-}- an,-s~ 

[ e__ V' ~ , - - e  arcig 2 ~ , _ ~ e _  ]_=___9 
• cxp 3~1, 2s ~qq. + e  V (rl, - -  e)(3~], -}- e) j ~1 " 

( i5)  

The  s y s t e m  of t r a n s c e n d e n t a l  equa t ions  (13) and (15) is the g e n e r a l  solut ion of (8), and (13) and the  
second  o r  f i r s t  of  Eqs .  (15) a r e  r e s p e c t i v e l y  the g e n e r a l  so lu t ion  of Eqs .  (9) and (10). The so lu t ions  a r e  
w r i t t en  in p a r a m e t r i c  f o r m  by  m e a n s  of the p a r a m e t e r  ~. They  a r e  not conta ined  in handbook [7]. E q u a -  
t ions  of  the f o r m  (8)-(10) m u s t  be  i n t e g r a t e d  n u m e r i c a l l y  in spec i f i c  c a s e s .  

3. We note p a r t i c u l a r  so lu t ions  of (8)-(10) of  the exponent ia l  type  

Y z =: Cexp ( ~ - - - x ) .  (16) 
I1, , '% 

van i sh  a t  inf ini ty  x = �9 co r e s p e c t i v e l y  fo r  a ~ 0. 

We a s s u m e ,  in a c c o r d a n c e  with ou r  p r o b l e m s ,  tha t  a < 0 and/3 < 0, the a r g u m e n t  is pos i t i ve  and has  
bounded v a r i a t i o n  (0 _ x _< 1), and the  b o u n d a r y  condi t ions  a r e  of  the  type  

z ( 0 ) = l ,  y ( 1 ) = 0 f o r  (8); y'(O)=~, y ( 1 ) = 0  for (9); (17) 

z ( O ) = l ,  z ' ( 1 ) = O  for (10). 

The  c o r r e s p o n d i n g  p a r t i c u l a r  solut ion has  the f o r m  

x = 1 Ice [% (3n, - -  2e) / 2 tl, - -  e (n - -  q,)~ 

-4- 3~1, - -  e arctg ( tl e f t '  (18) 
1." (q, - -  s)(3% -~- e) t l + 2 q ,  i /  q , - - e  ' 

8 1 

(n, + 2no - - e )  n + (n, - -  a)(2n, + no) J~ ' l_ 

w h e r e  70 = ~(0) is the  roo t  of the equat ion 

2 [ ~l, t l20+01,~s)010§ 
In n,  - -  e ~o ~ n,)3 

3q, - -  

r (n, - -  e)(3q, + e) 
' tl0 ] / 3 ~ ,  +--Y~-] =lu!%(3tl,__2e). (20) 

In a c c o r d a n c e  with (18)-(20) y(x) is a mono ton ica l l y  d e c r e a s i n g  function,  z(x) a lways  has  a m a x i m u m  
a t  x = 1 and i n c r e a s e s  m o n o t o n i c a l l y  f o r  e -< %,  w h e r e  the funct ion e 0 = e0(lal) is g iven  by 

__3 tl, 3 t l , - - e  ~ _  l / ~  ) In + arctg ( = In] % (3% - -  2e). (21) 
2 Vl , - -e  ] / i t l ,  ~e)(3t l ,  +e)  ,2tl, + s  V n, - - e  

e > e 0 z(x) has  a m i n i m u m .  The  magni tude  of th is  m i n i m u m  and the d i f f e r ence  be tween  the c o r r e s p o n d i n g  
va lue  of the  a r g u m e n t  

1 In t l ~ *  -~ arctg _ _ _  (22) 
x =  1 - - j  a/~1, (3 t l , - -2e)  n , - - e  1 / ' 0 1 , -  e)(3~], +e)  t l , - - e  

and uni ty d e c r e a s e  with i n c r e a s i n g  laJ fo r  f ixed e. 
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We note that  the pa r t i cu l a r  solution (16) with C = 1 also sa t i s f i es  the boundary conditions (17) at x = 0; 
the boundary conditions at  x = 1 a r e  only approx ima te ly  sa t is f ied for  ]al > i ,  but more  accu ra t e ly  the l a r g e r  
Int. In this sense  the s imple  analyt ic  solution (16) is l imi t ing with r e s p e c t  to (18) and (19). 

P 
]5 

U 

l(0 _< l _< L) 
v = v ( / )  

p = p(l) 
x = i / L ( 0 - <  x-< 1), 
u = u(x)  = w ~ 0 ,  

= ~(x) = P/P0 
y, z, ~, ~ 
a ,  fi(a = - r  

9 = - ~ ) ;  

7 = 2~/f~ 2; 

C, Ci(i = i, 2) 

N O T A T I O N  

is the densi ty  of the fluid in the pipe; 
is the Coriol is  coefficient;  
a r e  r e spec t i ve ly  the total  and reduced r e s i s t ance  coeff icients  of the pipe; 
is the ra t io  of the total  a r e a  of the holes o r  s l i t s  in the wall  of the pipe to its inside 

c r o s s - s e c t i o n a l  a rea ;  
is the coordinate  m e a s u r e d  along the pipe; 
is the longitudinal ve loci ty  of the fluid ave raged  over  the c r o s s  section of the pipe; 
is the gage p r e s s u r e  of the fluid averaged  over  the c r o s s  sect ion of the pipe,  P0 = p(0); 

a r e  d imens ion less  va r i ab l e s  cor responding  to l ,  v, and p; u 0 = u(0), ~l = ~1) ;  
a r e  unknown functions of x; 

a r e  constants;  
a r e  integrat ion constants .  
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